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Introduction.
We consider a smooth complex affine surface S and the cylinder W = S × C over it where C denotes the complex line. M. Miyanishi and T. Sugie ([MiSu]) proved that if S × C n ∼ = C n+2 , then S ∼ = C 2 . But in general, it is impossible to reconstruct a surface S knowing only W = S × C, i.e an isomorphism S 1 × C ∼ = S 2 × C does not imply an isomorphism S 1 ∼ = S 2 for two affine surfaces S 1 , S 2 . W.
Danilewsky [Dan] provided an example of two surfaces S 1 = {xy = z 2 − 1} ⊂ C 3 and S 2 = {x 2 y = z 2 − 1} ⊂ C 3 , such that S 1 ∼ = S 2 but S 1 × C ∼ = S 2 × C. K.-H. Fieseler [Fi] and W. Danilewsky [Dan] explained the last isomorphism by the following fact. Each of the surfaces S 1 and S 2 admits a fixed point free C + action.
These actions induce fibrations π i : S i → X, i = 1, 2 over the same base X such that each fiber is isomorphic to C. The freeness of the actions provides that actually the both surfaces S 1 and S 2 are C + bundles over X (which is not an algebraic variety).
We call X a Fieseler factor.
It is proved in [Dan] and [Fi] , that any two surfaces admitting fixed point-free C + -actions with the same Fieseler factor, have isomorphic cylinders.
Thus, the natural question is how to classify surfaces having the same cylinders.
We prove below the following statement. If S 1 and S 2 are smooth affine surfaces and S 1 × C ∼ = S 2 × C, then either S 1 ∼ = S 2 or there exist C + -actions on the surfaces S 1 and S 2 with isomorphic factors.
Preliminaries.

Typeset by A M S-T E X
From the "cylinders" points of view, the interesting surfaces are those admitting C + -actions.
While dealing with C + -actions on an affine variety X it is natural to use the invariant AK(X) (denoted sometimes as M L(X)), (see, e.g. [KML] , [Z] ) and locally-nilpotent derivations (lnd) of the ring O(X). The details on lnd and their connection to C + actions may be found in ( [FLN] , [S] , [KML] ).
Definition. Let X be an affine variety and let G(X) be the group generated by all
is a subring of all the regular G(X)− invariant functions on X. In other words ∂f = 0 for any f ∈ AK(X) and any lnd in O(X).
Since in the product X × C there always exist a C + action along the fibers of the projection on the second factor,
We will use the following property of invariant AK(X).
The existence of a C + action on smooth affine surface S implies k(S) = −∞, where k(S) denotes the logarithmic Kodaira dimension of S ( [Ii] ). Miyanishi and Sugie [MiSu] proved that the equality k(S) = −∞ is equivalent to the existence of a cylinder-like subset (c.l.s.).
Definition. A surface S has a cylinder-like subset U (c.l.s. U ) if it has a Zarisky
open subset U ⊂ S isomorphic to the product A × C of a smooth affine curve A and complex line.
Any c.l.s. U ⊂ S, defines a projection τ ′ : U → A, which is rational, i.e. defines a rational map τ : S → Γ of a closure S of S to the smooth closure Γ of A. The map τ is regular in the points of S, since the fibers of the c.l.s. do not intersect in S. Thus τ = τ S is a regular map of S onto a smooth curve Γ = τ (S), such that
By resolution of singularities we may choose the closure S in such a way, that the map τ will be regular on S and in the diagram
Γ ֒→ Γ regular maps τ and τ and the divisor B = S \ S have the following properties:
, where E i are disjoint curves and τ (E i ) are points ( τ (E i ) = γ i ∈ Γ). Moreover, τ −1 (γ i ) ⊂ S is a union of disjoint smooth curves isomorphic to C.
II. A general fiber τ −1 (γ) ⊂ S coincides with a fiber of the cylinder like subset U.
III. B does not contain (-1) curves, eccept, may be, D.
The structure of fibers is described in [Mi1] , Lemma 4.4.1. Further on we will say that a c.l.s. U ⊂ S defines a fibering τ with base Γ.
The C + -actions and the cylinder -like subsets are closely connected. Namely, if Γ ( see diagram (1)) is affine, then it is possible to define a C + -action on the surface S ([Mi2], Lemma 1.4; [S] For a given c.l.s. U ⊂ S, the corresponding fibering τ, and the corresponding
prevariety X, such that its points are in one-to-one correspondence with connected components of τ −1 (γ) for all γ ∈ Γ. The precise and detailed definition was given in [Fi] for the affine base Γ. Since the construction is local, it may be applied to a projective Γ as well.
We describe this factor in the following way.
Definition. A factor X of a smooth surface S by a c.l.s. U is an algebraic prevariety X included into the following commutative diagram
Γ and having the following properties:
2) σ is an isomorphism of X \ {x 1 . . . x k } onto Γ \ {γ 1 . . . γ r } outside the finite set of points x 1 . . . x k ∈ X. We call a point γ i ∈ Γ a multiple point of Γ and a point x j ∈ X a special point of X if σ(x j ) = γ i and τ −1 (γ i ) is not connected.
N ij be the union of t connected (necessarily irreducible
There is a one-to-one correspondence between points
and components
We want to remark that in [Fi] prevariety X is equipped with integers, attached to special points. So our definition is more coarse.
Indeed, in this case, every fiber of τ is isomorphic to C 1 , and the surface is simply a locally-trivial bundle over
If there is a free C + -action acting along the fibers of a c.l.s.
Definition. Let U 1 ⊂ S 1 and U 2 ⊂ S 2 be two c.l.s. in the surfaces S 1 and S 2 , respectively. We say that
an isomorphism of bases ϕ : Γ 1 → Γ 2 and a one-to-one correspondence ψ :
such that the following diagram is commutative:
where maps π and σ are defined in diagram (2).
Assume now that for two surfaces S 1 and S 2 with c.l.s. U 1 ⊂ S 1 and U 2 ⊂ S 2 the cylinders S 1 × C = W and S 2 × C = W coincide. Then we have the following commutative diagram
where p i are projections onto the factors S i , i = 1, 2. We are going to show that it is possible to change one of c.l.s (or, respectively, C + -action) in such a way, that this diagram may be completed by isomorphisms ϕ : Γ 1 → Γ 2 and ψ :
Namely, we prove Theorem 1. Let S 1 , S 2 be smooth affine surfaces such that S 1 × C ∼ = S 2 × C. Then either S 1 ∼ = S 2 or there exist two c.l.s. U 1 ⊂ S 1 and U 2 ⊂ S 2 and corresponding C + -actions φ 1 and φ 2 on the surfaces S 1 , S 2 respectively, such that
For the affine smooth surface S with logarithmic Kodaira dimension k(S) ≥ 0 this fact follows from the following more general theorem [IiFu].
Iitaka-Fujita Theorem. Let X, Y be smooth quasiprojective varieties, and let But it could happen that there is a cylinder-like subset U in S, which corresponds to no C + -action, and then S/ U will differ from S/ φ . As an example, we may consider The proofs of Proposition 1,2 are independent on other parts of this paper.
We give them in the last section.
Notations. We will use following notations.
K(X)-canonical class of a projective variety X;
O(X) -ring of regular functions on an affine variety X;
AK(X) -the subring of O(X) defined above.
G(X) -the group generated by all C + -actions on variety X.
S/ U = S/ φ -the Fieseler factor of the surface S by the cylinder -like subset
3. Auxilary Lemmas.
In this section we assume that the curves Γ 1 , Γ 2 in digram (4) 
smooth surfaces S 1 , S 2 , which shows that they are isomorphic.
such that the fibers ρ
Proof of Lemma 2. Indeed in this case we have birational maps
and ρ 2 • ρ −1 1 : Γ 1 → Γ 2 between smooth affine curves Γ 1 and Γ 2 , which implies that Γ 1 and Γ 2 , are isomorphic. It folows that the fiber ρ −1 2 (γ 2 ) coincide with the fiber
2 (γ 1 ) for any point. But that means that those fibers have the same number of connected components, hence
Further on we will assume
for a general point s ∈ S 2 and x = ω 1 (s). Thus a curve
Thus, for a general x, each connected component of R x has to be smooth and irreducible ( [Sh] , [Mi1] ). On the other hand, since
be a connected rational curve with a single puncture. Thus, there exist a Zarisky
The fibers of this c.l.s. are precisely the curves
Then we have the diagram
where for a general γ 1 ∈ Γ 1 there exist γ 2 ∈ Γ ′ 2 such that ρ
According to Lemma 2,
Lemma 4. Assume that there is a Zarisky closed subset
Proof of Lemma 4. It follows immediately from Lemma 2. Indeed, a general fiber of the fibering π
i is isomorphic to C 1 , hence has only one puncture. Since S i is affine, this puncture is a point in S i \ S i and does not belong to C i , i = 1, 2.
Thus, C i does not intersect a general fiber of π i : S i → X i . Hence, for a general
2 (γ 2 ). According to Lemma 2, X 1 = X 2 .
Lemma 5. Assume that there is a Zarisky closed subset
A ⊂ W such that A = C 1 × C = C 2 × C, where C 1 = p 1 (A) ⊂ S 1 and C 2 = p 2 (A) ⊂ S 2 are curves. Let S ′ 1 = S 1 \ C 1 , S ′ 2 = S 2 \ C 2 , If S ′ 1 ∼ = S ′ 2 , then S 1 ∼ = S 2 .
Proof of Lemma 5. Indeed, in this case the map
: S 2 → S 1 is a birational isomorphism between S 1 and S 2 , and h• p 2 = p 1 in any point of S 2 where h is defined. Thus, Lemma 5 follows from Lemma 1 .
Consider now functions v i ∈ O(S i ), i = 1, 2 such that general level curves V z i = {s ∈ S i |v i (s) = z} for a general z ∈ C are not isomorphic to C . We extend functions v 1 (s) and v 2 (s) to the regular functions v 1 (w) ∈ O(W ) and v 2 (w) ∈ O(W ) by the formulae
Proof of Lemma 6. Denote by R z = p 2 (T z 1 ) and by C s a curve p −1 2 (s), s ∈ S 2 (a fiber of the map p 2 ). Then for any s ∈ R z we have:
But C s ∼ = C 1 , and V z 1 ∼ = C 1 and is affine, thus the dominant map f : C s → V 
is not regular over the zeros of q(τ i ). It follows that q does not vanish, hence it a is constant. Thus, r = p(τ i , v i ) for any r ∈ O(S i ), which proves that 
Proof of Lemma 8. Let A be a closure of the surface A, described in digram (1).
Let B be any closure of B. Let f : A − → B be a rational extension of f. , which vanishes on P , has poles along Q, and is regular, since P ∩ Q = ∅. Due to Stein factorization (see, for example, [B] , p.66), we may assume that it is a reguler map into a projective curve C with connected fibers. Let P s = {b ∈ B ′ |g(b) = s}, s ∈ C. Then P s ∩ P = ∅ and and this can happen only if it is contained in the fibers of the fibering π. Thus, it should be isomorphic to C for a general s. But then P s ∼ = C as well. The curves P s define the wanted c.l.s. and C + -action on the surface B.
Proof of Theorem 1.
Let G(W ) be a group generated by all C + -actions, acting on the cylinder W.
Though this group is not algebraic, the dimension of its general orbit O G is well defined ( [BML] ). We consider the following cases. 2 (γ 2 ) for some point γ 2 ∈ Γ 2 . Due to Lemma 2 we conclude that S 1 / φ 1 ∼ = S 2 / φ 2 in this case.
Case II.2 AK(W ) ∼ = C i.e dimO G = 3. Then for i = 1, 2 the surfaces S i and the curves Γ i contain an image of C 3 under a regular map ( [BML] ). It follows that
There are two possibilities:
By [Ber] it could happen only if both Γ 1 , Γ 2 have at most one multiple point γ 1 , γ 2 respectively. The number of connected components in τ −1 (γ i ), i = 1, 2 ( which are irreducible, see [Mi2] ) is equal to
is generated by classes of the curves D, F (see diagram (1)) and by all except one irreducible components of the singular fiber (see [B] ,Prop. II.3 and Prop. III.18).
From the exact homological sequence of the pair (S i , S i \ S i ) follows that the group
is generated by the classes of those irreducible components of the singular fiber, which intersect S i .
We obtained that the number of special points in X 1 , X 2 over points γ 1 , γ 2 respectively is the same, so,
Due to Lemmas 4,5,6,7 and item I we prove Theorem 1 for this situation in the following assumptions:
a)There is no Zarisky closed set A ⊂ W = S 1 × C = S 2 × C such that
Lemma 9. The restriction h = p 2 T z set of singular values. But then we have a set
is a curve, which contradicts to the Assumption a).
We proceed with the prove of the Theorem 1 in case II.2.b). Due to Lemma 9 we may apply Lemma 8 to the surfaces A = T z 1 with the C + -action along the fibers of p 1 ( see diagram (4)) and the surface B = S 2 . We obtain that there is a C + -action on S 2 with Fieseler factor X ′ such that there is a commutative diagram:
But the surface S 2 has only one c.l.s. U 2 with affine Γ 2 in our case. Hence,
So for any point s ∈ S 2 the set ω −1
2 (π 2 (s)) (see (4)) contains a curve
2 (x)) = 1 and the Theorem follows from Lemma 3.
Proof of Propositions 1,2.
In this section we prove algebraic versions of Propositions 1 and 2 (see section 1).
We start with Proposition 1. For a domain A we define the ring AK(A) as above, i.e. AK(A) is an intersection of the kernels of all the lnd defined in A (or, which are invariant under all C + actions on A). 
